In this work we obtain recurrent formulae for the number of permutations with either increasing or monotonic (i.e., both increasing and decreasing) runs of bounded length. Our formulae allow one to efficiently compute the number of such permutations. In particular, we use the formulae to find and correct a few miscalculations in the classic 1966 book by David, Kendall, and Barton.
Introduction
A (monotonic) run in a permutation p = (p 1 , p 2 , . . . , p n ) is a maximal increasing or decreasing subsequence of consecutive elements in p. Similarly, an increasing (resp. decreasing) run in p is a maximal increasing (resp. decreasing) subsequence of consecutive elements in p. David et al. [2] in Tables 7.4.1 and 7.4.2 give counts 1 for
• the number I k (n) of order n permutations whose longest increasing run length equals k (for k, n ≤ 18);
• the number A k (n) of order n permutations whose longest monotonic run length equals k (for k, n ≤ 14).
It turns out that their counts for I k (n) and A k (n) are incorrect for n ≥ 16 and n ≥ 13 respectively.
We notice that I k (n) = U k (n) − U k−1 (n) and A k (n) = B k (n) − B k−1 (n) where U k (n) and B k (n) is the number of permutations of order n whose runs length does not exceed k.
In this note we derive recurrent formulae for U k (n) and B k (n) as well as differential equations for their exponential generating functions. These formulae allowed us to compute B k (n) and A k (n) accurately and correct miscalculations in [2] . We remark that another way to obtain differential equations for these generating functions was described by Elizalde and Noy [3] who studied a more general problem of counting permutations with forbidden subpermutations using symbolic methods. In contrast, we use only elementary observations to obtain recurrent formulae for U k (n) and B k (n) and describe algorithms for computing them. We also derive an explicit closed-form expressions for the generating functions for U k (n).
Recurrent formulae for
. . , p n ) be a permutation of order n > 1 with runs length not exceeding k.
It is easy to see that p t may be a maximum element of p (i.e., p t = n) only in one of the following three cases:
2. t = n and p n−1 < p n ; 3. 1 < t < n, p t−1 < p t , and p t > p t+1 .
In case 1, we remove the first element from p to obtain a permutation p ′ = (p 2 , p 3 , . . . , p n ) of order n − 1. The permutation p ′ here can be any permutation whose (monotonic or increasing) runs length does not exceed k with an additional restriction (in the case of bounded monotonic runs) that if the initial run in p ′ is decreasing, then its length does not exceed k − 1.
Similarly, in case 2, we remove the last element from p to obtain a permutation p ′ = (p 1 , p 2 , . . . , p n−1 ) of order n − 1. The permutation p ′ here can be any permutation whose (monotonic or increasing) runs length does not exceed k with an additional restriction that if the final run in p ′ is increasing then its length does not exceed k − 1. In case 3, removing of the element p t splits p into two vectors (p 1 , p 2 , . . . , p t−1 ) and (p t+1 , p t+2 , . . . , p n ). We relabel their elements with integers 1, 2, . . . , t − 1 and 1, 2, . . . , n − t (preserving the order relationship) to obtain permutations p ′ and p" of order t − 1 and n − t respectively. By construction, the permutation p ′ has the same length and order of runs as the prefix of length t − 1 of p, while the permutations p" has the same length and order of runs as the suffix of length n − t of p. Therefore, p ′ and p" can be any permutations whose runs length does not exceed k with additional restrictions that
• if the final run in p ′ in increasing, then its length is at most k − 1;
• (in case of bounded monotonic runs) if the initial run in p" is decreasing, then its length is at most k − 1.
Let U k j be the number of permutations p of order n whose increasing runs length does not exceed k, and the final increasing run (if it is present) in p has length at most j. Trivially U k j
(n) be the number of permutations p of order n whose runs length does not exceed k, and the initial decreasing run (if it is present) in p has length at most i and the final increasing run (if it is present) in p has length at most j. Trivially B k i, j (1) = 1 for any 1 ≤ i, j ≤ k. We find it convenient to define B k i, j (n) = 0 whenever i < 1 or j < 1. The above observations lead to the following formulae:
which hold for n > 1 and any 1 ≤ i, j ≤ k. Here the binomial coefficient
stands for the number of ways to distribute elements 1, 2, . . . , n − 1 of p between the prefix and suffix corresponding to the permutations p ′ and p" in case 3. We also remark that the involution (
(n) which allows one to compute them efficiently using the recurrent formulae for U for j ← 1 to k do 8:
if j > 1 then 10:
if n > 2 and k > 1 then 13: We used these algorithms to compute values U k (n) and B k (n) for k, n ≤ 18 and listed them in Tables 1 and 3 respectively. Subtracting from each row the previous one, we obtain Tables 2 and 4 listing values of I k (n) and A k (n). We remark that Table 2 is present (column-wise) in the OEIS [4] as sequence A008304 with its rows (for 2 ≤ k ≤ 6) given by sequences A008303, A000402, A000434, A000456, and A000467. Table 4 (column-wise) is present in the OEIS as sequence A211318 with its rows (for 2 ≤ k ≤ 5) given by sequences A001250, A001251, A001252, and A001253.
Exponential generating function for
The recurrent formula for U k j (n) implies the following system of differential equations:
In particular, for j = k we have
Plugging this into the j-th equation, we conclude
and any j = 0, 2, . . . , k − 1, we have
. In particular, for j = 0 we get the following linear differential equation:
General solution to this equation is
where r is a primitive (k + 1)-st degree root of 1 and c i are constant coefficients such that
in terms of y as follows:
It is easy to see that solution to this system of linear equations is c i =
Examples
Exponential generating functions of U k (n) for k = 1, 2, 3, 4 are:
gives the exponential generating function of the numbers I k (n):
Exponential generating function for
The recurrent formula for B k i, j (n) implies the following system of differential equations:
Because of the symmetry B 
Examples

k = 2
For k = 2, we have the following system of differential equations: and form sequence A001250 in [4] . It also counts the number of permutations of order n with exactly n − 1 runs [1].
k = 3
For k = 3, we have the following system of differential equations: 
